Abstract. Let C : y 2 = ax 4 + bx 2 + c, be an elliptic curve defined over Q. A set of rational points (x i , y i ) ∈ C(Q), i = 1, 2, · · · , is said to be a sequence of consecutive squares if
Introduction
In [3] , Bremner started discussing the existence of long sequences on elliptic curves. He produced an infinite family of elliptic curves with arithmetic progression sequences of length 8. Several authors displayed infinite families of elliptic curves with long arithmetic progression sequences, see [5, 7, 10] .
A geometric progression sequence is another type of sequence that has been studied on elliptic and hyperelliptic curves. Infinitely many (hyper)elliptic curves with 5-term and 8-term geometric progression sequences have been introduced in [4] and [1] respectively.
In [6] , sequences of consecutive squares on elliptic curves were studied. Infinitely many elliptic curves defined by equations of the form E : y 2 = ax 3 + bx + c, a, b, c ∈ Q, with 5-term sequences of consecutive squares were presented. This was achieved by identifying these curves as rational points on an elliptic surface whose rank is positive.
In this note, we discuss sequences of consecutive squares on elliptic curves defined by the equation y 2 = ax 4 + bx 2 + c, a, b, c ∈ Q. We construct infinitely many such curves with 6-term sequences of consecutive squares. More precisely, given a 6-term sequence of consecutive squares, we prove the existence of an elliptic curve on which the latter sequence forms the x-coordinates of six rational points. For the construction, we use an idea due to Mestre. This sequence corresponds to six linearly independent rational points on the elliptic curve. In particular, we give an infinite family of elliptic curves with 2-torsion points and rank ≥ 6.
Finally, given a fixed 6-term sequence of consecutive squares (t + i) 2 , i = 0, ±1, ±2, 3, we find infinitely many elliptic curves of the form y 2 = ax 4 + bx 2 + c for which (t + i) 2 is an x-coordinate of a rational point. This is performed by realizing these elliptic curves as rational points on an elliptic surface of positive Mordell-Weil rank.
First construction
Let C be an elliptic curve defined over a number field K by y 2 = P (x) where
is a polynomial of degree either 3 or 4. The sequence (x i , y i ) ∈ C(K) is said to be a sequence of consecutive squares on C if there is a u ∈ K such that
. .. The authors proved in [6] that this sequence must be finite.
Mestre, [8] , constructed elliptic curves with Mordell-Weil rank ≥ 11, using the following idea: For any monic polynomial P ∈ Q(x) of degree 2n there exists a monic polynomial Q ∈ Q(x) of degree n and R ∈ Q(x) of degree at most n − 1 such that P = Q 2 − R. If x ∈ Q is a root of P , then there is a rational point (x, Q(x)) on the algebraic curve y 2 = R(x).
Theorem 2.1. For any nontrivial sequence of consecutive squares t − 5 2
2 , there is an elliptic curve described by E t :
, is the x-coordinate of a rational point in E t (Q(t)). In particular, there are infinitely many elliptic curves described by y 2 = ax 4 + bx 2 + c with 6-term sequences of consecutive squares.
Proof: Consider the degree 12 polynomial
One may write P (x) = Q(x) 2 − R(x), where We consider the elliptic curve E t :
. By definition of P (x), the latter curve possesses the 6 rational points
) 2 , the elliptic curve E t : y 2 = R(x) = a(t)x 4 + b(t)x 2 + c(t) may be described by an equation of the form
By virtue of [?, Proposition 1.2.1], the curve E t is birationally equivalent, hence isomorphic, over Q(t) to the curve E * t : T 2 = S(S 2 + α(t)S + β(t)) which has a nontrivial 2-torsion point (0, 0), where The rational points (
2 )), i = 0, 1, 2, 3, 4, 5, on the curve E t correspond to q i = (S i , T i ) on the curve E * t , where 
Using MAGMA [2] , the specialization t = 3 4 shows that the rational points q i , i = 0, 1, 2, 3, 4, 5, on the elliptic curve E * t are independent. According to Silverman's Specialization Theorem, the curve E * t has rank ≥ 6. Therefore, the above procedure yields an infinite family of elliptic curves with a 2-torsion point and rank at least 6.
Second construction
In this section, given a 6-term sequence of consecutive squares, we establish the existence of infinitely many elliptic curves C described by y 2 = ax 4 + bx 2 + c over Q with this sequence making up the x-coordinates of rational points on C.
In fact, given t ∈ Q such that ((t − 1) 2 , d), (t 2 , e), and ((t + 1) 2 , f ) are rational points in C(Q), where C : y 2 = ax 4 + bx 2 + c, one sees that
Proposition 3.1. Given a nontrivial sequence of consecutive rational squares (t+ i) 2 , i = 0, ±1, ±2, there exist infinitely many elliptic curves of the form C : y 2 = a(t, p, w)x 4 + b(t, p, w)x 2 + c(t, p, w) such that (t + i) 2 is the x-coordinate of a rational point on C. Now we are looking for elliptic curves containing 6-term sequences of consecutive squares. So we let ((t + 3)
2 , k) be a point in C(Q) where C is given by y 2 = ax 4 + bx 2 + c. Therefore, one has
where the description of A, B, C, D, E ∈ Q(t) can be found, for instance, using MAGMA .
Theorem 3.2. The curve C : k 2 = Ap 4 + Bp 3 + Cp 2 + Dp + E defined over Q(t) is birationally equivalent over Q(t) to an elliptic curve E with Mordell-Weil rank rank E(Q(t)) ≥ 1.
Proof:
The curve C is nonsingular as the discriminant is nonzero. Moreover, since A is a square in Q(t), one knows that C is an elliptic curve over Q(t). In fact, C is birationally equivalent to E defined by y 2 = x 3 − 27Ix − 27J where
in E(Q(t)), see [9] .
One considers the specialization t = 3 in order to obtain the specialized point P = 19558022787408000000 201601 , 86476754780118743040000000000 90518849
of the point P on the specialized elliptic curve E : y 2 = x 3 − 156217789162987774532352000000000000 40642963201 x + 22789637573454810302335707893243904000000000000000000 8193662024284801 .
Using Magma [2] , the point P is a point of infinite order on E. Therefore, according to Silverman's specialization Theorem, the point P is of infinite order on E. ✷ Theorem 3.3. For any 6-term nontrivial sequence of consecutive squares (t + i) 2 , i = 0, ±1, ±2, 3, t ∈ Q, there is an infinite family of elliptic curves described by C : y 2 = ax 4 +bx 2 +c, a, b, c ∈ Q, such that (t+i) 2 is the x-coordinate of a rational point in C(Q). In particular, there are infinitely many elliptic curves described by y 2 = ax 4 + bx 2 + c with 6-term sequences of consecutive squares.
